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Abstract 
This paper considers a regulation problem for discrete-time switched bimodal linear systems where it is desired to 
achieve regulation against partially known disturbance or reference signals. First, a set of observer-based Q -
parameterized stabilizing controllers for the switched system is constructed. Then a sufficient regulation condition for 
the switched system is obtained, and a regulator synthesis method is derived based on solving a set of properly 
formulated linear matrix inequalities. Finally, the proposed regulator design method is evaluated on an experimental 
setup motivated by the flying height regulation problem in data storage devices. 
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1. Introduction 
Recently, switched control systems have been attracting much attention in the control community since 
they present problems that are not only academically challenging, but also of practical importance. In the 
past decades, numerous progresses have been reported in the literature [1-2] for the switched systems, 
however, most of the results focuses the stability analysis for such systems. In practice, in additional to 
stability requirements, there is a need to find controllers that would achieve regulation against reference or 
disturbance signals. For example, in hard or optical disk drives, maintaining a constant small distance 
between the read/write head and the disk surface is an important target for the design of ultra high storage 
density drives. In this case, the read/write head enters into intermittent contact with the disk surface, 
which results in a switched system regulation problem [3].  
Existing results in the literature on the exact output regulation problem for switched systems have been 
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derived using different approaches and under different assumptions. The case of continuous-time switched 
systems with pre-known switching times and where the model for the exogenous inputs is either 
completely or partially known is treated [4]. Regulation in continuous-time piecewise affine (PWA) 
bimodal systems with completely known reference trajectories and where switching is defined according 
to a switching surface have been treated in [5] using a generalized error signal.  General continuous-time 
PWA systems have been treated in [6] for the case of perfectly known reference trajectory. A different 
approach to the regulation problem in continuous-time bimodal linear systems was presented by Wu and 
Ben Amara in [7,8] where the design of the desired regulator was performed within a set of Q -
parameterized regulators for the system. The synthesis algorithms based on solving sets of linear matrix 
inequalities have been presented based on a common Lyapunov function [7] and multiple Lyapunov 
functions [8], respectively. In this paper, the Q -parameterized controller design approach is extended for 
the regulation of discrete-time switched bimodal systems where it is desired to reject partially known 
disturbance signals and track reference inputs simultaneously with an experimental evaluation motivated 
by the flying height regulation problem in data storage devices.  
2. Parameterization of all stabilizing output feedback controllers 
Consider the discrete-time switched bimodal system given by the following state space representation: 
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where nx  is the state vector, u  is the control input, y  is the measurement signal to be fed 
to the controller,  e  is the performance variable to be regulated and is assumed to be measurable, 
1, 2r  is the index of the system r  under consideration at time k , and  is a constant satisfying 
0 . The external signal hrd ,  representing partially known disturbance and/or reference signals, 
is also assumed to switch according to the rule given in (1) is given by: 
1[ ]h Tr r rd d d ,                                                           (2)
 where each 
j
rd   is of the form:   
, , , ,
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with known frequencies ,r ji , and unknown amplitudes 
,r j
ic  and phases 
,r j
i , 1, , ji k ; 1, ,j h . 
The control objective with respect to the switched system (1) is to design an output feedback controller to 
regulate the performance variable e  such that lim ( ) 0
k
e k . In this paper, the feedback controllers are 
obtained by considering Q  parameterized output feedback controllers for the switched system (1) along 
the same lines as in [7,8]. Each controller is expressed as a linear fractional transformation involving a 
fixed system rJ , and a proper stable parameter rQ  that could be chosen as desired.  
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where ˆ( )x k  is an estimate of ( )x k , ˆ ˆ( ) ( )yry k C x k  is an estimate of ( )y k , rK  and rL , 1, 2r , are 
state feedback and observer gains, respectively. 
nq
Qx ,  QA  and QB  are a fixed stability matrices and 
the matrix 
rQ
C  changes with 1, 2r . In this paper, the rQ  parameter is considered as the form 
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3. Regulator desing for switched bimodal systems 
The conditions for regulation for each of the two systems  1
cl  and 2
cl  can be presented in the form of 
interpolation conditions which follow the similar idea presented in [7]. The regulation conditions can be 
written in the form of linear equations in the unknown parameter vectors 1 , , q
Tn
r r r , 1, 2r , 
as follows:  
0
r rr
A B ,                                                                  (7) 
where 
r
A  and 
r
B  are properly formulated matrices. However, the controllers designed based on (7) 
do not guarantee achieving regulation in the switched closed loop system. In the following, additional 
conditions are placed on the controllers satisfying (7) so that regulation in the closed loop system can be 
achieved. 
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Theorem 1. Consider the closed loop system (6). Let 2
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then the switched closed loop system (6) achieves exact output regulation against rd .                                              
 
Proof.  Consider the state space representation (6) and the quadratic function ( ) TV P , and define 
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. Then multiplying (8) from the left by T  and from the right by , we have 
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 yields 2 ( ) ( ) .e k V k  It follows that 2 2( )e k ,  bk k . Hence, ( )e k  is 
ultimately bounded and we have ( )e k ,  bk k . If  is satisfied, then after a long enough 
time bk , the output ( )e k  will always be such that ( )e k . For the case of 0 , the system 1
cl  
is then only active for bk k . Given that 1  satisfies the regulation condition in (7), output regulation for 
1860   Zhizheng Wu /  Physics Procedia  33 ( 2012 )  1856 – 1863 
 
the switched system is then achieved against rd . The analysis is similar for the case of 0 .                     
 
In the following, the regulator synthesis method is proposed such that conditions (8)-(10) are satisfied.  
The main idea behind the regulator synthesis is to first design the gains rK  and rL  to make (6) internally 
stable. Since QA  and QB  in (8) are fixed, then it is only necessary to find the matrices rQC  such that the 
regulation conditions (8)-(10) are satisfied. Partition P  in (8) as 1 2
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Note that (11) and (12) become linear in the unknown parameters , , 1 , 2 , 3  and rQC  with a 
prefixed 0,1  which can be searched linearly.  
4. Experimental evaluation 
The experimental setup is motivated by the flying height regulation problem in hard disk drives or 
optical disk drives. The experimental setup consists mainly of a flexible beam subject to intermittent 
contact with a fictitious contact surface. The system has two modes of operation, one corresponding to the 
case of non-contact between the beam tip and the contact surface, and the second corresponds to the case 
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when contact takes place. The control goal in the experiment is to maintain a constant separation between 
the tip of the flexible beam and the contact surface in the presence of external disturbances and switching 
between the non-contact mode and the contact mode of the system.  The image of the experimental setup 
is shown in Figure 1. A flexible beam (the suspension beam in a hard disk drive) is actuated using a 
multilayer piezoelectric actuator (PZT). A Laser Doppler Vibrometer (LDV) provides real-time 
measurements of the position and velocity of the beam tip. A small size permanent magnet is attached to 
the tip of the beam. In the experimental setup, the contact force and other disturbance forces are simulated 
using the force applied to the tip of the beam by an electromagnetic actuator beneath the magnet. A PCI 
6040e input-output card from National Instruments and a personal computer are used to implement the 
controller and to interface it with the rest of the system. The sampling period of the control system is 
31 10sT s .  In the following, based on the models obtained using the system identification method for 
the non-contact mode and the contact mode, a regulator is designed so that the tip of the suspension beam 
tracks a contact surface 
  
Figure 1. Image of the experimental setup 
65 sin 240 60 10cs t m  at a desired separation height of 
660 10 m . The output y  and the 
performance variable e  are identical and are defined to be the difference between the actual separation 
and the desired separation height. The state space representation as in (1) is given as  
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The switching rule is defined with = 6volts . To construct a parameterized set of stabilizing controllers, 
the parameters rK , rL , rQ , 1, 2r , are given by : 
1 0.159    0.504K , 2 0.127    0.407K , 
1 0.873   0.565
TL , 2 0.931   0.246
TL . 
1 2 3 4
3
2 2 3 4
0.46 0.45
10
1.4 0.9
r r r r
r
z
Q
z z z z z z
. 
Based on the regulator synthesis procedure, we then obtain: 
1
30 1.0448 0.4263 0.0905 0.0975 10QC ,  
2
30 0.5360 0.5121 1.3472 1.3250 10QC . 
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Figure. 2. Results of the performance variable e  and the tip position of the suspension beam y . 
 
The experimental results are shown in Figure 2, which indicate that the disturbance force has been 
attenuated effectively and the tip of the suspension beam tracks the contact surface while maintaining the 
desired separation between the tip and the contact surface. 
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